Introduction
The theory for tilting and cotilting modules has its roots in the representation theory of finite dimensional algebras (artin algebras) generalizing Morita equivalence and duality. First through reflection functors studied in [14] and a module theoretic interpretation of these in [8] , tilting modules of projective dimension at most one got an axiomatic description in [16, 39] . Among others, [6, 15, 57] developed this theory further. These concepts were generalized in [38, 50] to tilting modules of arbitrary finite projective dimension. In the seminal paper [9] tilting and cotilting modules were characterized by special subcategories of the category of finitely presented modules. This paper started among other things the close connections between tilting and cotilting theory and homological conjectures studied further in [21, 40, 42] .
Generalizations of tilting modules of projective dimension at most one to arbitrary associative rings have been considered in [4, 24, 30, 49] . As tilting and cotilting modules in this general setting is not necessarily linked by applying a duality, a parallel development of cotilting modules were pursued among others in [22, 23, 25, 26, 27, 28, 29] . Definitions of tilting and cotilting modules of higher were introduced in [3] and [58] , where the definition introduced in [3] being the most widely used now.
As the theory of tilting and cotilting modules has its origin in the representation theory of finite dimensional algebras, the current research on tilting and cotilting modules over more general rings seems also to return to finiteness conditions by considering modules of finite, cofinite and countable type. In this paper we consider finite dimensional algebras or artin algebras Λ, and review some of the properties and the structure of all tilting and cotilting modules. Of particular interest is the information these can give on the representation theory of finitely presented modules over Λ.
Let Λ be an artin algebra, and let Mod Λ denote the category of all left Λ-modules. Our aim is to show that generalizing the characterization of finitely presented tilting and cotilting modules over Λ to arbitrary tilting and cotilting modules in Mod Λ gives many of the results obtained for these modules. After recalling definitions and some basic results in section 1, the next section gives analogues in Mod Λ of all the known characterizations of finitely presented tilting and cotilting modules given in [9] . Section 3 is devoted to discussing the finitistic dimension conjectures. Here the little finitistic dimension of Λ, when finite, is shown to be obtained as the projective dimension of a tilting module in Mod Λ, and we investigate when the big finitistic dimension is given by the projective dimension (the injective dimension) of a tilting (cotilting) module. We proceed in the next section to show that all finitely presented partial tilting and cotilting modules, when viewed as partial tilting and cotilting modules in Mod Λ always have a complement, contrary to within finitely presented modules. Moreover, the classical completion result for all finitely presented partial tilting and cotilting modules of projective and injective dimension at most one, respectively, is generalized for cotilting modules and only partially generalized for tilting modules. We end by giving the classification of all cotilting modules over a tame hereditary algebra.
Definitions and preliminaries
In this section we recall the definitions and the preliminary results that we shall use throughout the paper.
Let Λ be a ring. Denote by mod Λ the full subcategory of Mod Λ consisting of all finitely presented Λ-modules. For a module M in Mod Λ we define the full subcategory (i) add M to be the direct summands of all finite coproducts of copies of M , (ii) Add M to be the direct summands of arbitrary coproducts of copies of M , and (iii) Prod M to be the direct summands of arbitrary products of copies The injective dimension and the projective dimension of a module X are denoted by id Λ X and pd Λ X respectively. Now we give the definitions of a tilting and a cotilting module over an arbitrary ring Λ from [3] . Recall that a Λ-module T is a tilting module if
0¡ for all i § 0 and all coproducts T of copies of T ; (T3) there exists a long exact sequence 0 A module T is called a partial cotilting module if T satisfies the conditions (C1) and (C2). Dually we also define complements of partial cotilting modules. Also recall that a module T in mod Λ is a tilting or a cotilting module if Add T and Prod T are replaced by add T and arbitrary coproducts and products are replaced by finite coproducts in the above definitions. In particular, a tilting or cotilting module in mod Λ is still a tilting or cotilting module in Mod Λ, respectively.
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Let X be a class of Λ-modules. For a given Λ-module C, a map ϕ : X C is a
The approximation ϕ is minimal if every endomorphism f : X X with ϕf ¥ ϕ is an isomorphism. If every Λ-module has a right X -approximation, then X is called contravariantly finite in Mod Λ.
One crucial result with respect to approximations is the Wakamatsu's Lemma [62] . It says the following. 
D ¥
0¡ , the approximation is called special.
We leave it to the reader to define the dual concepts of all the above notions for approximations in Mod Λ and the corresponding notion in mod Λ.
The subcategory correspondence
Let Λ be an artin algebra. In Theorem 5.5 of the paper [9] tilting and cotilting modules in mod Λ were characterized by certain subcategories of mod Λ. This characterization has lead to many fruitful applications as reviewed in [51] . So it is natural to ask if there is a similar correspondence for arbitrary tilting and cotilting modules over Λ. This section is devoted to discussing such correspondences. For a closely related investigation of the associated cotorsion pairs see [59] .
First we recall the characterization of equivalence classes of tilting and cotilting modules in mod Λ given in [9] . Here we say that two tilting or cotilting modules T and T op maps tilting modules to cotilting modules and vice versa. So a result for one case automatically yields a result for the other. Given this remark it is superfluous to give the correspondences both for tilting and cotilting modules. However since a result for tilting modules in Mod Λ can not be translated to a result about cotilting modules by applying the duality D, we have chosen to give all correspondences in order to clearly see the relationship with the analogous correspondences in Mod Λ.
We want to present analogues of the above characterizations for tilting and cotilting modules in Mod Λ. As infinitely generated tilting and cotilting modules T are defined in terms Add T and Prod T the following are natural definitions. Two tilting (or cotilting) modules T and T
We first discuss the situation for cotilting modules over Λ. A first approximation to such a characterization was found in [3] , and it reads as follows (this result is true for any ring). From our view point and for our purposes this is not a true generalization of the characterization given of tilting and cotilting modules in [9] , since it involve both a category and its Ext-orthogonal category. A characterization of the equivalence classes of cotilting modules in terms of subcategories of Mod Λ is given as follows. 
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T gives a one-to-one correspondence between equivalence classes of cotilting modules over Λ and resolving subcategories X of Mod Λ closed under products with X ¥ Mod Λ, such that every Λ-module has a special right Xapproximation. The inverse is given by X
Remark. This result is in fact true for any ring R by replacing
as formulated in [47] . So we see that the only real difference with Theorem 2.1 (a) is that the corresponding category should be closed under products, since in mod Λ any module having a right X -approximation with X in mod Λ has a minimal right approximation. In addition, when the category X is extension closed, then by Wakamatsu's Lemma a minimal approximation is special.
It is natural to ask if all the known characterizations of tilting and cotilting modules in mod Λ have counterparts in Mod Λ. We first consider an analogue of Theorem 2.1 (b).
Proposition 2.4. Let T be a selforthogonal module in Mod Λ. The map T
E G
Prod T gives a one-to-one correspondence between equivalence classes of cotilting modules over Λ and coresolving subcategories Y of Mod Λ (i) closed under products,
Proof. Assume first that T is a cotilting module in Mod Λ. We claim that G Prod T is a direct factor of a module having a finite filtration in products of copies of Y ΛU r . Then it is easy to see that 
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Add T gives a one-to-one correspondence between equivalence classes of tilting modules over Λ and resolving subcategories X of Mod Λ (i) closed under coproducts, (ii) contained in P
I
Mod Λ¡ , (iii) every Λ-module has a special right X -approximation,
0 is a special right X -approximation, then the category
is closed under coproducts.
In [9] the subcategory © T of mod Λ is shown not only to be contravariantly finite for a cotilting module T in mod Λ, but also to be covariantly finite (see [9, Corollary 5.10] ). Using subcategories of Mod Λ a resolving and contravariantly finite subcategory of mod Λ is shown also to be covariantly finite in [46, Corollary 2.6] . Is something similar true for subcategories of Mod Λ?
We end the discussion on arbitrary tilting and cotilting modules by considering the pure-injectivity of cotilting modules. Recall that a module M is pure-injective if the natural map M D 2 M ¡ splits [45] . It is conjectured that all cotilting modules are pure-injective. This is proven for cotilting modules of injective dimension at most one in [11] . The general case is open. However, there exist characterizations of when a cotilting module is pure-injective. These characterizations can be found in [12] and [47, Theorem 5.7] (true for any ring). Theorem 2.6. Let T be a cotilting Λ-module. Then the following are equivalent.
(a)
T , (e) T is pure-injective.
As already indicated by the above the theory for tilting and cotilting modules is in particular rich both for modules in mod Λ and Mod Λ when restricted to projective and injective dimension at most one, respectively. In particular for mod Λ every partial tilting module of projective dimension at most one can be completed to a tilting module (see [15] ). This question we address in section 4 for tilting and cotilting modules in Mod Λ. Furthermore, all torsion pairs T , F A cotilting module T of injective dimension at most one corresponding to a tor-
Proof. We sketch the proof of one direction to illustrate the use of the results in this section. Let T , F ¡ be a torsion pair in mod Λ with Λ in F. By [31] A different characterization of these torsion pairs when the ring is left or right artinian can be found in [59, Theorem 3.7] . For related information and examples over concealed canonical algebras see [52] .
The finitistic dimension conjectures
The main interest in this section is the finitistic conjectures for an artin algebra, that is, when is Findim Λ ¥ findim Λ and when is findim Λ finite. The first of these conjectures was disproved by in [41] , and the second one has been proven for (i) monomial algebras in [36] (again in [44] ), (ii) radical cube zero (and even more generally for algebras with Loewy length 2n q 1 and ΛT r n of finite representation type, see [32] ) in [37] ( [43] ), (iii) when P I mod Λ¡ is contravariantly finite in [9] , (iv) when the representation dimension of Λ is at most 3 in [43] (all special biserial algebras has representation dimension at most 3, see [33] ). None of the above proofs of the finiteness of findim Λ directly involve a tilting or a cotilting module. The results on relations between these conjectures and tilting and cotilting modules are more in the direction of finding test classes of modules for these conjectures, and if the dimensions are finite to show that they are obtained as the projective or the injective dimension of a tilting or cotilting module, respectively.
First we discuss how findim Λ is obtained as the projetive dimension of a tilting module in Mod Λ when it is finite. In view of this result an obvious question is: when Findim Λ is finite or findim Λ is finite, does there exist tilting or cotilting modules with projective or injective dimensions equal to one of the finitistic dimensions? It seems to be unknown in general if Findim Λ always can be obtained in this way when it is finite. But we give some sufficient conditions later.
It was first proved in [9] that if P I mod Λ¡ is contravariantly finite, then findim Λ is finite. It is easy to show using Theorem 2.1 (d) that then findim Λ is obtained as the projective dimension of a finitely presented tilting module.
We show next that the finitistic dimension findim Λ always is obtained by the projective dimension of a tilting module when it is finite. The categories P n Mod Λ¡ are proven to be contravariantly finite for any n 1 in [1] . Then using similar arguments as in [9, Corollary 3.10] one can show that the following are equivalent (i) Findim Λ is finite, (ii) P
I
Mod Λ¡ is contravariantly finite and (iii) P [54, 60] (also see [61] ). The Hasse diagram of Cotilt Λ was considered in [19, 20] , and it was shown to be a lattice in [19] .
The characterization of cotilting modules in Theorem 2.3 imply that for any subset ¢ T i¨is I of Cotilt Λ with sup¢ id Λ T i¨is I t ! , there exists a cotilting module T in Cotilt Λ such that (a) There exists a Λ-module T such that
Add T , where all the resolutions in Add T can be chosen to have length at most Findim Λ op .
Denote the module T in the above lemma by 
Complements of tilting and cotilting modules
As already mentioned, a classical result in the theory of tilting modules in mod Λ says that for any partial tilting module T of projective dimension at most one, there exists a module T [53] . This naturally gives rise to at least two questions: (1) Does the Bongartz construction of a complement generalize to partial tilting (or cotilting) modules of projective (injective) dimension at most one in Mod Λ?
(2) Does any partial tilting or cotilting module T in mod Λ have a complement when considered as a partial tilting or cotilting module in Mod Λ? This section is devoted to discussing these questions. The answer to the second question is always yes, while the first question is answered in full for cotilting modules and only partially for tilting modules.
First we discuss a criterion for existence of complements of partial tilting and cotilting modules. The following is an easy consequence of our characterizations of tilting and cotilting modules in terms of subcategories of Mod Λ.
able to answer question (1) affirmatively is to start with a pure-injective partial cotilting module of injective dimension at most one. This is also shown to be sufficient in [17 
Classification of all cotilting modules
For an artin algebra Λ of finite representation type all modules in Mod Λ is isomorphic to a direct sum of indecomposable finitely presented modules (see [7, 56] ). Therefore every tilting or cotilting module is equivalent to a finitely presented tilting or cotilting module, hence there is only a finite number of them.
For algebras of infinite representation type a complete classification of all cotilting modules seems only to be known for tame hereditary algebras ( [17, 18] ). The aim of this section is to give this classification. For information on cotilting modules over concealed canonical algebras see [52, Section 10] .
Assume throughout that Λ is a finite dimensional tame hereditary algebra. We start by reviewing some facts about these algebras (see [55] ). The category of finitely presented regular modules is denoted by R, which are all the modules occurring in the tubes of the Auslander-Reiten quiver of Λ. This category is an abelian category, and P denotes the set of isomorphism classes of all simple objects in R. Two elements S and S( in P are said to be equivalent if Ext is the adic module. Finally there is a unique generic module G, that is, G is indecomposable of infinite length and has finite length over End Λ G¡ .
Given a module M in Mod Λ, denote by indec M the set of all the isoclasses of indecomposable direct summands of M . If M is pure-injective, then there is a unique family ¢ M i¨is I of modules in indec M such that M is the pure-injective envelope of is I M i . With these preliminaries we can give the classification of all cotilting modules over Λ. Recall that by [11] all cotilting modules of injective dimension at most one are pure-injective, so that all cotilting modules over Λ are pure-injective. The cotilting modules occurring in part (b) are given by for every tube choosing the rank of the tube indecomposable non-isomorphic modules totally from the tube, its Prüfer module or its adic module. For a tube of rank one there are only two choices, the Prüfer or the adic module. A complete characterization of the different possible choices in a tube is given in [18] .
